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Abstract. Sasakian manifolds provide explicit formulae of some Jacobi opera- 
tors which describe the biharmonic equation of curves in Riemannian manifolds. 
In this paper we characterize non-geodesic biharmonic curves in Sasakian mani- 
folds which are either tangent or normal to the Reeb vector field. 
CN| ' In the three-dimensional case, we prove that such curves are some helixes whose 

geodesic curvature and geodesic torsion satisfy a given relation. 

< 

1. Introduction 

The notions of harmonic and biharmonic maps between Riemannian manifolds 
have been introduced by J. Eells and J.H. Sampson (see [8]). 

For a map <p : (M, g) — > (N, h) between Riemannian manifolds the energy functional 
^ . E\ is defined by 

Ex(4>) = \\ I#IV 
A Jm 

Critical points of E\ are called harmonic maps and are then solutions of the corre- 
sponding Euler-Lagrange equation 
J> ■ 

CO 7i(0) = traceV^dcj). 

Here denotes the induced connection on the pull-back bundle (/> _1 (TiV) and T\{4>) 
is called the tension field of (f>. 
Biharmonic maps are the critical points of the functional bienergy 
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whose Euler-Lagrange equation is given by the vanishing of the bitension field (cf. 
[EI]) defined by 

(1) r 2 (0) = -A*ri(0)-trocei2 Ar (d^ri(0))#, 

where A^ = — £race 9 (V^V^ — Vy) is the Laplacian on the sections of _1 (TAQ, and 
R N is the Riemannian curvature operator of (N, h). Note that 

(2) r 2 (0) = J (T!(0)) 
where is the Jacobi operator along defined by 

(3) J+iX) = -A't'X -traceR N (dcf>,X)d<f>, VI £ f'(TJV). 
Harmonic maps are obviously biharmonic and are absolute minimum of the bienergy. 
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Nonminimal biharmonic submanifolds of the pseudo-euclidean space and of the 
spheres have been studied in [5] and [3]. 

Biharmonic curves have been investgated on many special Riemannian manifolds like 
Heisenberg groups [5J, [S], invariant surfaces [Uj, Damek-Ricci spaces [7J, Sasakian 
manifolds [ID] , etc. 

As in the general theory of metric contact manifolds an important role is played 
by the Reeb vector field whose dynamics can be used to study the structure of the 
contact manifold or even the underlying manifold using techniques of Floer homology 
such as symplectic field theory and embedded contact homology. 
The main purpose of this work is to study non-geodesic biharmonic curves in a 
(2n + l)-dimensional Sasakian manifold, which are either tangent or normal to the 
Reeb vector field. 



2. Sasakian manifolds 

A contact manifold is a (2n + l)-dimensional manifold M equipped with a global 
1-form r\ such that 77 A (dr]) n 7^ everywhere on M. It has an underlying almost 
contact structure (rj,<p,£) where £ is a global vector field (called the characteristic 
vector field) and (p a global tensor of type (1,1) such that 

(4) 77(e) = 1, ipt = 0, W = 0, <fi 2 = -I + r) ® £■ 
A Riemannian metric g can be found such that 

(5) V = 9(t, ■), dr] = g(., (p.), g(., tp.) = -g(ip., .). 

(M, 77, g) or (M, 77, g, £, tp) is called a contact metric manifold. If the almost complex 
structure J on M x R defined by 

(6) J(X,/|) = (^-/£,77(X)|), 
is integrable, (M, 77, g) is said to be Sasakian. 

The following relations play an important role in the present work: 
Lemma 2.1. [2J On a Sasakian manifold (M,rj,g) we have 

(7) R(X,£)X = -Z 
and 

(8) R(£,X)Z=-X 

for any unit vector field X orthogonal to the Reeb vector field £, where R denotes 
the Riemannian curvature of (M, g) . 



3. Biharmonic curves in Sasakian manifolds 

Let 7 : / — > (M 2n+l ,rj,g) be a regular curve parametrized by its arc lenght in a 
(2n+l)-dimensional Sasakian manifold and {T, N\, A^n} be the Frenet frame in 
M 2n+1 , defined along 7, where T = 7' is the unit tangent vector field of 7. 
It holds: 
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Lemma 3.1. [TD] The Frenet equations 0/7 are given by 

( V T T = X1N1 

VriVi = -X1T + X2N2 



< 



V T iVfc = -XkN k -! + X k+iN k+1 , fc = 2,...,2n-l, 



where xi = |VtT| ; X2 = X2(s); ■■■,X2n = X2n(s) are real valued functions, where s is 
the arc length 0/7. 

Definition 3.2. If the functions Xk, k = 1, ...,2n are a// constant, then 7 zs said to 
be a helix.. 

The tension field 71(7) and the bitension field 72(7) of the curve 7 are given in the 
Frenet frame (T, iVi, iV 2n ) by: 



Proposition 3.3. [10J 

(9) T 1 ( rf )= X iN, 
and 

(10) r 2 ( 7 ) = Sx^T+ix'l-xl-XixDNi 

-(2x1x2 + xix 2 )^2 + ^1x2x3^3 - xi#(t, iv x )r. 



From Proposition 13.31 we get: 

Proposition 3.4. If 7 is either tangent or normal to the Reeb vector field, then 

(11) 72(7) = -3 X ix'iT+(x"-xl-Xixt + Xi)Ni 

-(2x1X2 + XiX' 2 ) N 2 + X1X2X3N3 

Proof 

Let 7 be non-geodesic biharmonic curve in a Sasakian manifold (M,rj,g). 
Assume that 7 is tangent to the Reeb vector field £; that is T = £. 
The relation (flOl) in Proposition 13.31 becomes 

72(7) = -3Xix'iT+(xi-xl-Xixl)Ni 

-(2XiX2 + XiX 2 )^2 + X1X2X3N3 - Xi#(£, ^)£ 
= -3xiXi^+(x;'-Xi-XiX2)^i 

-(2XiX2 + XiX 2 )^2 + X1X2X3N3 + XiNu according to lemmaO 



It follows that 

(12) t 2 (7) = -3xixiT+(x' 1 '-X?-XiX2 + Xi)A r i 

-(2xiX2 + X\X2) N 2 + XiX2XsN 3 
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We assume now that 7 is normal to the Reeb vector field; that is Ni = £. 
The relation (1101) in Proposition 13.31 becomes then 

r 2 (7) = Sxix'iT+ixi-xl-XixDN! 

~(2x'iX2 + X1X2W2 + XiX2XsN 3 - X iR(T, £)T 
= -3xix'iT+(x"-xl-Xixl)Ni 

-(2x'iX2 + XiX2) N 2 + X1X2X3N3 + xi€ according to lemma O 



We obtain then again 

(13) r 2 ( 7 ) = -ZxiX'iT+ix'l-xl-Xixl + xjNt 

-(2XiX2 + XiX2) N 2 + X1X2X3N3 
Thus we get the relation (1111) in both cases. 

□ 

From Proposition 13.41 we get the following result. 

Theorem 3.5. Non-geodesic biharmonic curves in Sasakian manifolds which are 
either tangent or normal to the Reeb vector field are characterized by : 

{Xi = constant e [ — 1, 0[Z7]0, 1], 
X2 = ±Vl^xl, 
X2X3 = 0. 

where Xi, X2 and Xz are functions defined in lemma l3J[ 
Proof 

72(7) = with xi 7^ implies x[ — according to the first component in (ITTT) . So 
Xi is constant. Then the second component gives X1 + X2 = 1- Thus (fT4^ is satisfied. 

□ 

Corollary 3.6. If Xi = ±1 then X2 = 0. And if Xi =tl then X3 = 0. 

Remark 3.7. From the conditions given in it is clear that in general non- 

geodesic biharmonic curves in Sasakian manifolds are not helixes since only the 
functions Xi an d X2 have to be constant and maybe X3- 

In three-dimensional Sasakian manifolds the Frenet frame is given by 

V T T = xiNi 
V r iVi = -X1T + X2N2 
\7 T N 2 = -X2JV1, 

where Xi — \^tT\, X2 = X2( s ) is a rea l valued function, where s is the arc length of 
7- 

And the equation characterizing the non-geodesic biharmonic curves which are either 
tangent or normal to Reeb vector field is reduced to 

(15) 72(7) = -SxiX'iT+ix'l-xl-Xixl + xjNt 

-(2x'iX2 + XiX 2 ) Ar 2- 
So we have the following result. 
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Theorem 3.8. Non-geodesic biharmonic curves which are either tangent or normal 
to the Reeb vector field in three-dimensional Sasakian manifolds are helixes whose 
geodesic curvature Xi and geodesic torsion Xi are related by: 

X 2 i + xi = 1, witii Xi 7^ . 
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